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Abstract
This study used a classical molecular dynamics model to observe the role of electron gas on
the formation of nuclear structures at subsaturation densities (ρ < 0.015f m−3 ) and low temperatures (T < 1M eV ). The simulations were performed by varying the Coulomb interaction
strength on systems of isospin symmetric and asymmetric matter with periodic boundary
conditions. The effect was quantified on the fragment size multiplicity, the inter-particle distance, the isospin content of the clusters, the nucleon mobility and cluster persistence, and
on the nuclear structure shapes. The existence of the nuclear pasta structures was observed
even with the absence of the Coulomb interaction but with a modification of the shapes
formed. It was found that the prescence of the electron gas tends to distribute matter more
evenly, forms less compact objects, decreases the isospin content of clusters, modifies the
nucleon mobility, reduces the persistence and the fragment size multiplicity, but does not
alter the inter-particle distance in clusters. The degree of these effects also varied on the
nuclear structures also depended on their isospin content, temperature, and density.
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Chapter 1
Introduction
Nuclear matter is an ideal system constituting an infinite number of nucleons interacting
through the nuclear potential and not through Coulomb interactions. With the emergence
of radioactive beam facilities and heavy-ion collider facilities, investigations of neutron-rich
nuclei have increased the importance of understanding nuclear matter at subcritical temperatures (T ≤ 1MeV) and subsaturation densities (ρ < 0.16 fm−3 ) [1, 2, 3, 4, 5, 6, 7]. This
region of conditions has been investigated through nuclear reactions resulting in nuclear
multi-fragmentation.
At lower temperatures and subsaturation densities nuclear matter exhibits a liquid-gas
phase transition related to the nuclear fragmentation in heavy ion collisions [8] and theoretical
studies predict the formation of non-homogeneous structures [9, 10, 11, 12, 13, 14, 15, 16, 17].
These structures differ from the shape of stable nuclei and range from meatball-like clumps,
to spaghetti-like rods, to lasagna-like layers or slabs, to void-filled condensed configurations.
These nucleon structures are collectively called ”nuclear pasta” and are the focus of this
thesis.

1.1

Nuclear pasta

The formation of the nuclear pasta has been attributed to the interplay of attractive-repulsive
nuclear and electric forces. In analogy to condensed matter physics, the formation of complex structures has been dubbed “frustration” in reference to the phenomenon of atoms
tending to stick to non-trivial positions where simple regular crystal lattices were expected.
A consequence of frustration is the creation of distinct ground states at zero and near-zero
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temperatures.
A motivation to study the nuclear pasta is that these structures are expected to exist in
the crust of neutron stars, where they would play a role in astronomical processes such as in
the emission of neutrinos [18], starquakes and pulsar glitches [19].

1.2

Neutron star crusts

Neutron stars are formed by the core collapse supernova explosion during the death stage
of a massive star. When a star exhausts its fuel and the thermonuclear fusion is not enough
to balance the gravitational force, a star will die and collapse. In the case of a massive star,
with mass between 8 to 30 solar masses, the core collapses and a supernova explosion ejects
most of the star’s mass, leaving behind a dense core [20]. Neutron-rich matter is formed as
a result of electron capture β decay during the collapse as electron and protons turn into
neutrons and escaping neutrinos. This residual mass justifies the name of a neutron star as
it has an excess of neutron over protons but is not made up entirely of neutrons.
Neutron stars are dense and compact with mass ranges between 1 and 3 solar masses
and density of about 20 times that of a normal nuclei. The typical mass of a neutron star
is ' 1.4 a solar mass and radius is ' 10−5 a solar radius (10 km). Energy considerations
indicate [9, 10] that neutron stars consist of a core, made of uniform liquid nuclear matter,
topped by a crust of about a kilometer thick made of crystalline lattices.
Fig. 1.1 shows a schematic of the structure of a neutron star. In the crust, neutrons
produced from β decay form neutron-rich nuclear matter, with a proton-to-nucleon ratio
between ≈ 0.25 to ≈ 0.5, embedded in a sea of electrons. The density of crust varies from
normal nuclear density (≈ ρ0 = 0.15 fm−3 ) at a depth of ≈ 1 km to the neutron drip density
(≈ 4 × 1011 g/cm3 ) at ≈ 0.5 km, decreasing down to practically zero in the neutron star
envelope.
The non-homogeneous pasta phases are expected to exist under the mentioned extreme
conditions in the bottom layer of the crust. A neutralizing electron gas is expected to be
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Figure 1.1: A schematic cross section of a neutron star taken from [21]

3

produced by the accumulation of neutrons from the unbalance between the weak decay
n → p + e− + ν̄e and its opposite process, p + e− → n + νe . Thus the nuclear pasta has been
studied embedded in an electron gas. Although most researchers have taken for granted that
the structures are formed due to the interplay of nuclear forces with the Coulomb forces of
the electron gas, this effect has not been dissected quantitatively. The question of this thesis
is, can the nuclear pasta structures form without the embedding electron gas?

1.3

Objectives

The goal of this thesis is to study the effect the electron gas has on the formation of the
nuclear pasta using a dynamical model, at non-zero temperatures, and in a systematic way
that takes advantage of the tools developed and borrowed from [22]. It must be remarked
that it is not the intention of this work to study either the structure or other properties of
neutron star crusts nor to propose the present molecular dynamics method for such purpose;
the only goal of the present exercise is –again– to understand the role the electron gas
plays in determining the pasta shapes. This will be achieved through the calculation of
the pasta structures with and without effect of the electron gas as well as with softened
interactions which –of course– do not exist in nature. Reiterating, we are not hoping to
mimic neutron star crusts nor propose the existence of nuclear structures with weakened
electron gas interactions.
In the next chapter, the model used (classical molecular dynamics) is introduced along
with the computational procedure. Chapter 3 discusses the problem of introducing an electron gas in the CMD calculation. Chapter 4 presents the tools to be used in the study of the
nuclear pasta with the presence of an electron gas, and Chapter 5 shows the results obtained,
followed in chapter 6 with a summary of findings.
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Chapter 2
Computational model
Many approaches have been used to examine the existence of the pasta phases through
nuclear matter simulations. Synoptically, the computational models that have been used
can be classified in static models [9, 10, 11, 12, 10, 13] and dynamical models [14, 15,
16, 17, 18, 22, 23, 24, 25, 26]. The static models, e.g. compressible liquid drop, extended
Thomas-Fermi, and Hartree-Fock, determine the pasta phases by finding the minimum in a
balance between the nuclear and Coulomb energies without looking at dynamical properties
of the nucleons. The dynamic models, e.g. classical molecular dynamics and quantum
molecular dynamics, solve the nucleon’s equations of motion (either newtonian or quantum
mechanically, respectively) to determine the equilibriums states of dynamical evolutions of
such systems.
The classical molecular dynamics model, brainchild of the Urbana group [27], is of
particular importance to this thesis. This model is based on the Pandharipande potential, as
will be described in more detail in the next Section, which provides the “nuclear” interaction
through a combination of Yukawa potentials selected to correspond to infinite nuclear matter
with proper equilibrium density, energy per particle, and compressibility.

2.1

Classical Molecular Dynamics

The focus of this thesis is on the role of the Coulomb forces on the creation of the pasta using a
classical molecular dynamics model which was shown to be effective in the characterization
of nuclear pasta [28]. By using a microscopic view of the nucleons and a combination
of morphological tools which will be described in more detail in Chapter 4, the different

5

structures formed can be characterized into recognizable patterns, resulting in a quantifiable
analysis of the effect the Coulomb forces due to the electron gas on the pasta formation.
The classical molecular dynamics model (CM D) being utilized in this thesis and first
introduced in [29], has been previously used in heavy-ion reaction studies to explain experimental data [30], identify phase transitions and other critical phenomena [31, 32, 33, 34],
explore the caloric curve of nuclear matter [35, 36] and isoscaling [37, 38]. CM D uses two
two-body potentials developed phenomenologically by Pandharipande [39] to describe the
motion of “nucleons” by solving their classical equations of motion. As an example of the
use of CMD, Figure 2.1 shows the binding energies of “ground-state nuclei” obtained with
the mass formula and with CM D [38]. The model was first used for infinite nuclear matter
elsewhere [7, 26, 28], here the basic ingredients of the model are mentioned along with the
relevance to this thesis.
The Pandharipande potentials are [39]:
Vnp (r) = Vr [exp(−µr r)/r − exp(−µr rc )/rc ]
− Va [exp(−µa r)/r − exp(−µa rc )/rc ]
VN N (r) = Vnn (r) = Vpp (r) = V0 [exp(−µ0 r)/r − exp(−µ0 rc )/rc ] ,
where Vnp is the potential between a neutron and a proton, and VN N is the repulsive interaction between either nn or pp. The cutoff radius is rc = 5.4 f m and both potentials are
set to zero when r > rc . The Yukawa parameters µr , µa and µ0 were determined by Pandharipande to yield an equilibrium density of ρ0 = 0.16 f m−3 , a binding energy E(ρ0 ) = 16
MeV/nucleon and a selectable compressibility of 250 M eV for the “Medium” model, and
535 M eV for the “Stiff”’ [39]. Notice that, since the potential VN N does not permit bound
states between identical nucleons, pure neutron matter is unbound and, at a difference from
potentials used by other models [18], the Pandharipande potentials have a hard core.
The main advantage of the CM D model is the possibility of knowing the position and
momentum of all particles at all times, which in turn allows the study of the structure of
the nuclear medium from a microscopic point of view. CM D provides the time evolution of
6

Figure 2.1: Binding energies of ground-state nuclei obtained with mass formula fit
(triangles) for the Stiff model with the corresponding ground states
calculated using CM D (circles).
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the particles in (r, p), which is then used to study the resulting pasta structures.
On the other hand, the CM D model fails to comply with several quantum effects; luckily
the model can still be applied for the nucleon dynamics since, as explained elsewhere [28,
40, 41], the mean inter-particle distance (V /N )1/3 in nuclear matter in the region of interest
(T . 1 MeV, ρ . 0.1 fm−3 ) is larger than the nucleon thermal wavelength [7]. Other flaws
of the CM D are to be discussed after the results are presented.
To simulate nuclear matter as an infinite medium, systems with thousands of nucleons
were constructed using CM D under periodic boundary conditions as explained below. Cases
symmetric in isospin (i.e. with x = Z/A = 0.5, 1000 protons and 1000 neutrons), and cases
with asymmetric isospin (with x = 0.3 comprised of 1000 protons and 2000 neutrons) were
constructed in cubical boxes with sizes adjusted to have densities between 0.01 f m−3 ≤ ρ ≤
ρ0 . By fixing the mass and size of each cell, the scale of the density fluctuations is also
determined. Once the cubical box is filled with the appropriate amount of particles and
density, the box with its particles (r, p) is then replicated in the 26 cells surrounding the
box. A smörgåsboard of structures was obtained through this method in [28], study on which
the same model and analysis tools are being used as in this thesis.

2.2

Procedure

The trajectories of the nucleons are then governed by the Pandharipande and the screened
Coulomb potentials. The equations of motion are solved using a symplectic Verlet integration
with energy conservation of O(0.01%). The nuclear system is force-heated or cooled using
isothermal molecular dynamics with the Andersen thermostat procedure [42] with small
temperature steps. The temperatures and densities of interest are in the range of 0.1 M eV ≤
T ≤ 1.0 M eV and 0.01 f m−3 ≤ ρ ≤ ρ0 , respectively; in comparison to heavy-ion reactions,
these conditions correspond to practically semi-frozen states.
To obtain reliable statistics, each x, T , and ρ configuration is sampled 200 times in a
stationary ergodic process. This means that, at a given set of values of x, T , and ρ, after
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reaching thermal equilibrium the position and momenta of all nucleons are stored for further
processing while the system continues its evolution for a “long” time (4000 time steps) until
it reaches a state independent of the previous one, point at which the procedure is repeated
for a total of 200 times. The recorded nucleon positions and momenta are then used later
to identify clusters and to characterize the structure as explained in Chapter 4.

9

Chapter 3
Coulomb interaction
The neutron star crust is embedded in an electron gas produced by weak decays during the
supernova explosion. This is a significant difference between the study of nuclear matter
in reactions and in stellar crusts, where the nuclear pasta phase is to be present. To study
nuclear matter embedded in a degenerate electron gas, the system is first taken as overall
neutral and β-equilibrated, and then a proper approximation is used to take into account
the Coulomb interaction, which is of infinite range. The two most common approaches to
add the electron gas to a nuclear pasta are the Thomas-Fermi screened Coulomb potential
and the Ewald summation by simply adding an overall Coulomb interaction to the nuclear
potential. In either case, the protons and neutrons are taken to be immersed in a uniform and
non-interacting electron gas with adequate electron density that renders charge neutrality
in the system.
Investigations of the effect of the electron gas on cold nuclear structures showed in 2003
that the presence of the electron gas extends the range of densities where bubbles and clusters
appear [25]. Later, in a 2005 study [43] a density functional method was used with the Ewald
summation to find that the density region in which the pasta exists becomes broader when the
electron gas is taken into account. Recently, Monte Carlo simulations, which approximated
the Coulomb interaction via an Ewald summation [18, 44, 45, 46], determined the lowest
proton fractions that are compatible with β equilibrium in neutron star crust environments
(at T = 1.0 M eV ). Curiously, some of these investigations have obtained results that show
that the effect of the electron gas on the nuclear pasta appears to be model dependent [47].
Although CM D computations can be implemented with both the Thomas-Fermi screened
Coulomb potential and the Ewald summation [22], for computational reasons, the screened
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Coulomb method is opted to be used. The reader is directed to [22] for an overview of both
methods and its differences.

3.1

In this thesis

In this thesis the electron gas is approximated as a uniform ideal Fermi gas with the same
number density as the protons. Its inclusion in the CM D is through the use of a screened
Coulomb potential obtained from the Poisson equation,
ρ
∇2 ϕ = − .
ε
The solution yields the potential,
(Scr)

VC

(r) =

e2
exp(−r/λ),
r

where the screening length, λ, is related to the electron mass, the electron Fermi momentum,
and the electron gas number density. Explicitly, the relativistic Thomas-Fermi screening
length is given by
π2
λ=
2e



− 12
q
2
2
kF kF + me
,
1/3

where me is the electron mass, kF = (3π 2 ρe )

is the electron Fermi momentum, and ρe

is the electron gas number density taken equal to that of the protons. To avoid finite size
effects, λ should be significantly smaller than the size of the simulation cell, L = (A/ρ)1/3 ,
but since λ depends on the density of the system, it is always possible to satisfy this condition
by increasing the simulation box size, along with the number of particles. Pragmatically and
after testing various lengths, the prescription given in [18] is followed and set λ = 10 f m,
which satisfies the requirement of being sufficiently smaller than the size of the simulation
cell.
To see the effect of the electron gas a screened Coulomb potential with a varying ampli(Scr)

tude was implemented, i.e. with αVC

2

(r) = α er exp(−r/λ), where 0 ≤ α ≤ 1. For a fair

comparison, all corresponding cases with different values of α were produced with identical
initial conditions of x, T , and ρ and started off from the same initial random configuration.
11

Chapter 4
Analysis tools
Now that the basic ingredients of the CMD model have been discussed, it follows to discuss
the analysis tools implemented to characterize and study the pasta structures formed by the
specific T , ρ and x conditions. The arsenal of tools used in this thesis is that developed
by [28] and will be introduced in turn below.

4.1

Cluster Recognition

Given that, for the temperatures and densities of interest (0.1 M eV ≤ T ≤ 1.0 M eV
and 0.01 f m−3 ≤ ρ ≤ 0.015 f m−3 ), the nucleons do not have large mobilities, the task
of identifying clusters can be achieved with a basic “Minimum Spanning Tree” (M ST )
algorithm. The M ST finds cluster membership simply by identifying those particles that
are closer to each other than some clusterization radius, which here is set to 3.0 f m based
on the range of the nuclear potential and densities investigated; the generic method was
modified to recognize fragments that extend into any of the adjacent periodic cells.
Clusters may be defined simply as the equivalence classes of the following equivalence
relation:
For a set A of particles, any two particles a and a’ in A are related iff for
some integer n > 1 there are particles a1 = a, a2 , . . . , an = a0 in A such that
|ai+1 − ai | < 3f m for i = 1, 2, . . . , n − 1.
Once the clusters have been identified, their global properties are studied as follows. M ST
yields information about the fragment multiplicity; in Ref. [28], systems at x = 0.3 and x =
0.5 and at various densities (0.01 f m−3 ≤ ρ ≤ 0.015 f m−3 ) and temperatures (0.1 M eV ≤
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T ≤ 1.0 M eV ) exhibited increases in multiplicity with temperature (in opposition to the
rise-fall that takes place in intermediate-energy heavy-ion reactions) as well as the formation
of percolating structures that encompass most of the nucleons in the simulation.
At a microscopic level, the dynamics of the nucleons in such systems can be quantified
through their average displacement as a function of “time”, i.e. through the time steps of
the simulation; for the cases mentioned before (cf. [28]) the mobility between configurations
was found to be between 2 and 20 f m. Likewise, the microscopic stability of the clusters
can be gauged through the “persistency” [40] which measures the tendency of members of a
given cluster to remain in the same cluster; for the cases previously studied, colder clusters
(T . 0.5 M eV ) exchange less than half of their nucleons during 200 ergodic configurations,
while those at higher temperatures (T & 0.8 M eV ) replace up to 90% of their constituents.
Another interesting descriptor is the isospin content of each cluster produced, i.e. their
x values; in the previous study it was found that for the case of x = 0.3, small clusters
(A . 10) tend to have less protons than the global average, while such effect was not present
in the case of x = 0.5. Figure 4.1 shows an example of the size distribution of the clusters
obtained for a case with 3, 333 nucleons, x = 0.3, and at T = 0.3 M eV and ρ = 0.009 f m−3 .
The inset shows a projection of the position of the nucleons within the cell.

4.2

Pair Correlation Function

Another global characterization tool is the pair correlation function, g(r), which gives information about the spatial ordering of the nuclear medium by comparing the average local
density to the global density, g(r) = ρ(r)/ρ0 ; g(r) shows that nucleons in clusters have an
interparticle distance of about 1.7 f m at all studied densities in Ref. [28] and was useful in
determining the onset of lasagna-like structures.
For this thesis, g(r) is taken as the conditional probability density of finding a particle
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Figure 4.1: Typical size distribution of clusters as obtained with M ST taken
from [28]. The inset shows a projection of the particle spatial distribution.
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at ri + r given that there is one particle at ri as done in [28]. That is,
*
+
X
V
g(r) =
δ (r − rij ) ,
4πr2 N 2 i6=j
where rij is |ri − rj |. g(r) was calculated by constructing and averaging histograms of the
distances between particles for the 200 configurations in each system. Particles (and their
images) satisfying rij ≤ 1.5L, with L being the simulation box size, were considered to keep
calculation times short.
Figure 4.2 shows an example of the radial correlation function obtained for the case of
2, 000 nucleons, x = 0.5, and at T = 0.1 M eV and ρ ≈ 0.043ρ0 . The inset shows threedimensional depiction of the position of the nucleons in the L = 28.77 f m cell.

4.3

Minkowski Functionals

Proceeding beyond global measures, the shapes of nuclear structures can be characterized
by their volume, surface area, mean curvature, and Euler characteristic; these four objects
comprise what is known as the “Minkowsky functionals” which completely describe all morphological properties of any three-dimensional shape. The evaluation of the mean curvature
(averaged over the whole surface of the object) and Euler number (a topological invariant
connected to the vertices, edges and faces of polyhedra), however, requires the mapping
of the nuclear fragments into polyhedra; procedure that can be accomplished through the
Michielsen–De Raed algorithm [23, 48].
Synoptically, the cubical simulation box is subdivided into smaller cubic cells of size
smaller than the nearest neighbor distance found in g(r) to force cell occupation of no more
than one particle per cell but not so small as to avoid creating bogus cavities between
neighboring nucleons. The “occupied” cells which contain nucleon coordinates are saved
while “empty” cells are not recorded. The Minkowski functionals can now be computed
with this digitizing method of the different nuclear structures. Figure 4.3 shows an example
of a nuclear structure, its digitalization, and the values of the Minkowski functionals obtained
15

Figure 4.2: Typical radial distribution function taken from [28]. The inset shows
the particle positions.
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Figure 4.3: Typical nuclear structure and the grid used to calculate the Minkowski
functionals taken from [28]. The structure corresponds to the case with
x = 0.5, ρ = 0.33 f m−3 and T = 0.1 M eV .

from it.
Through this methodology, two grid cells are connected if they are immediate neighbors,
next-nearest neighbors, or are connected by a chain of occupied grid cells. The Minkowski
functionals of a connected structure can then be calculated through
V = nc , S = −6nc + 2nf , 2B = 3nc − 2nf + nc , χ = −nc + nf − nc + nv
where V is the volume, A is the area, B is the mean breadth, χ is the Euler number, nc is
the number of occupied cubes, nf is the number of occupied faces, and nv is the number
of occupied vertices; the mean breadth is related to the integral mean curvature, defined as
R
H = df (R1 + R2 )/2R1 R2 , where R1 and R2 are the principal radii of curvature of the
surface and df is a differential of area. χ is obtained from the number of regions of connected
grid cells minus the number of completely enclosed regions of empty grid cells.
17

In [28] it was shown that generic structures, such as “gnocchi”, “spaghetti”, “lasagna”
and “crossed-lasagnas” or “jungle gym” and their inverse structures (with voids replacing
particles and viceversa), all have well defined and distinct values of the mean curvature
and Euler numbers. It should be remarked that the assignment of curvature and Euler
values to a given structure becomes relative to the overall scale. This becomes important
for structures with near-zero Euler number which signal spaghetti, lasagna and their antistructures; curled spaghetti rods of a given length, for instance, can easily oscillate between
positive and negative near zero Euler numbers by curling or uncurling a segment. This
classification, which was respected at all x values, densities and temperatures studied, is
shown in Table 4.1.
It is with the CMD model and the arsenal of tools discussed that we now embark on a
study of the effect the electron gas has on the formation of the nuclear pasta.
Table 4.1: Classification Curvature - Euler
Curvature < 0
Curvature ∼ 0 Curvature > 0
Euler > 0

Anti-Gnocchi

Euler ∼ 0

Anti-Spaghetti

Euler < 0

Anti-Jungle Gym

Gnocchi
Lasagna

Spaghetti
Jungle Gym
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Chapter 5
The effect of the electron gas
Along the line of previous studies [25, 43, 46] and adhering to their advise, in this thesis
a molecular dynamics model was used to study spatial and dynamical effects the electron
gas may produce on the nuclear structures at non-zero temperatures. The approach of one
of the previous studies is specifically extended and the pasta structures obtained with and
without the electron gas as well as with varying strengths of it are compared.
In summary, pasta structures were obtained at subsaturation densities (0.015 f m−3 ≤
ρ ≤ 0.072 f m−3 ) and low temperatures (0.1 M eV ≤ T ≤ 1.0 M eV ) for symmetric (x =
0.5) and asymmetric (x = 0.3) cases; altogether 200 simulations were carried out for each
combination of x, T , and ρ. As previously mentioned in Chapter 3 each case was “cooked”
(Scr)

repeatedly with a screened Coulomb potential of varying amplitude, αVC

, where 0 ≤ α ≤

1. Reiterating, all corresponding cases with different values of α were produced with identical
initial conditions of x, T , and ρ and started off from the same initial random configuration.
As an illustration, Figure 5.1 shows two corresponding structures obtained with and without
the electron gas.
The effect of the screened potential can also be observed on the fragment size multiplicity.
Figure 5.2 shows the distribution of cluster sizes observed in 200 configurations of asymmetric
matter (x = 0.3) at density ρ = 0.015 f m−3 and temperatures T = 0.1 M eV and T =
1.0 M eV . The figures corresponds to configurations with (cases A and C) and without (Band
D) the Coulomb interaction. The increase of the number of fragments of sizes A & 500 as α
goes from α = 1 to α = 0 underline the role the electron gas has on determining the mass
distribution.
The change of the inner structure can be quantified through the use of the radial dis-
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Figure 5.1: Characteristic structures obtained with (α=1) and without (α=0) the
proton-electron gas interaction for symmetric matter (x = 0.5) at density ρ = 0.015 f m−3 and temperature T = 0.1 M eV .
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Figure 5.2: Effect of the screened potential on the fragment size multiplicity. Plots
show the distribution of cluster sizes observed in 200 configurations of
x = 0.3 nuclear matter at density ρ = 0.015 f m−3 and temperatures
T = 1.0 M eV (top) and T = 0.1 M eV (bottom). The figure on the
left panel correspond to configurations with Coulomb interaction, and
those on the right to the case without such potential.
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Figure 5.4: x content of the clusters formed in 200 configurations of asymmetric
matter (x = 0.3) at density ρ = 0.015 f m−3 and temperature T =
1.0 M eV with Coulomb. Notice that the abscissas have different scales.
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Figure 5.5: x content of the clusters formed in 200 configurations of asymmetric
matter (x = 0.3) at density ρ = 0.015 f m−3 and temperature T =
1.0 M eV without Coulomb.
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tribution function, g(r). An example of this effect is shown in Figure 5.3 which shows this
function calculated with the structures obtained with symmetric nuclear matter (x = 0.5)
at density ρ = 0.072 f m−3 and temperature T = 0.1 M eV and for varying strengths of the
Coulomb potential, namely α = 1 (full Coulomb), 0.8, 0.2, and 0 (without Coulomb). As
it can be easily observed, the electron gas does not affect the nearest neighbor distances,
although the magnitude of the function for second nearest neighbors increases as Coulomb
weakens.
The isotopic content on the cluster is also affected by the presence of the electron gas.
Figure 5.4 shows the x content of the clusters formed in 200 configurations of asymmetric
matter (x = 0.3) at density ρ = 0.015 f m−3 and temperature T = 1.0 M eV . Again, the top
panel corresponds to the case with full Coulomb and the bottom one to the case without
such interaction. Clearly visible is the enhancement up to x ≈ 0.4 that would occur without
Coulomb; also noticeable is the increase of the maximum fragment sizes which grow up to
A ≈ 800 without the electric interaction.
As suspected in [43], in this study we find that the interactions between protons and
electrons are responsible for the rearrangement of protons, although we find this to be of
varying degrees. Figure 5.6 shows the RM S displacement of nucleons as a function of the
evolution of the stationary ergodic process. Each curve is made of 200 points, each of which
represents the average displacement (with respect to the original configuration) of the 2000
nucleons used in the x = 0.5 cases shown. For each case tracked (ρ = 0.015 and 0.72 f m−3 at
T = 0.1 and 1.0 M eV ), the displacements obtained with and without Coulomb are presented.
Curiously, at low temperatures Coulomb seems to enhance the nucleon mobility much more
than at high temperatures.
A similar effect is observed in the persistence, which is the tendency of nucleons in a
given fragment to remain in the same cluster. Figure 5.7 shows the persistence with and
without Coulomb as it evolves through 200 configurations of the stationary ergodic process,
measured with respect to the original configuration of 3000 nucleons with x = 0.3, ρ = 0.015
and T = 1.0 M eV . As seen in the mobility, Coulomb enhances the transfer of nucleons thus
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Figure 5.6: RM S displacement of nucleons during the evolution of the stationary
ergodic process with Coulomb (continuous line) and without Coulomb
(dashed line) as labeled; see text for details. Notice that at low temperatures the mobility with Coulomb is smaller than without Coulomb,
while at higher temperatures the effect is the opposite.
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Figure 5.7: Persistence with and without Coulomb as it evolves through 200 configurations of the stationary ergodic process.
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decreasing the persistence as shown by the two curves.
The effect of the electron gas on the shape of the structures formed can be quantified
using the Euler Characteristic and Mean Curvature introduced before. Following the procedure explained in more detail elsewhere [28], digitized polyhedra were constructed for each
of the 200 nuclear structures obtained with and without Coulomb at each value of {x, ρ, T }
considered. The corresponding values of the mean curvature and Euler numbers were calculated and, although the configurations corresponding to the same set of conditions were not
identical, their curvature and Euler numbers showed robust average values.
The actual values of the curvature in all the studied configurations varied approximately
from -6,000 to 12,000 and those of the Euler numbers from -700 to 1,000; as these values
depend on the characteristics of the polyhedra (i.e. number of sides, corners, etc.) they yield
only relative information. Table 5.1 shows the curvature-Euler number as percentages of the
maximum values obtained, and Figure 5.8 shows their location on the curvature-Euler plane
as well as their changes in position as the Coulomb strength is diminished; the standard
deviations of the points are, roughly speaking, of the size of the points used in the plots.
Table 5.1: Classification Curvature - Euler
ρ

T

α=1

(f m−3 )

(M eV )

Curvature

Euler

Curvature

Euler

A

0.072

1.0

-14.5

8.9

-0.2

0.47

B

0.072

0.1

-3.18

-1.58

0.245

-0.19

C

0.015

0.1

14.76

0.89

4.28

0.35

D

0.015

1.0

18.43

-0.17

2.28

0.86

E

0.015

1.0

75.75

-61.2

91.76

-24.3

F

0.015

0.1

90.03

45.4

95.3

15.9

G

0.072

1.0

-24.74

44.7

-37.6

60.2

H

0.072

0.1

-37.38

79.8

-49.28

93.3
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α=0

Figure 5.8: Average values of the Curvature and Euler numbers of the structures
listed in Table 5.1; circles correspond to structures with Coulomb and
squares to structures without Coulomb, arrows indicate the average
displacement of the structures as α goes from 1 to 0.
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Chapter 6
Analysis
The results obtained in this study allow us to understand the effect the electron gas has on
the formation of the nuclear pasta. Perhaps the most interesting result of this investigation
is the fact that the characteristic topological structures of the nuclear pasta –which are
usually associated with the presence of the competing interactions of the long range Coulomb
potential and the short range nuclear force– exist even when there is no Coulomb (i.e. when
α → 0). We believe this to be the result of the competition between attractive and repulsive
nuclear forces at very low temperatures; in our case this is due to the attraction of the Vnp
and the repulsion of the Vnn and Vpp which operate at medium ranges; incidentally, we find
the same effect also in other potentials [46] as was reported elsewhere [26].
Thus the role of the Coulomb forces introduced by the electron gas is to emphasize such
competition between attractive-repulsive forces. The examples of structures formed with
and without Coulomb (Figure 5.1) suggest that the electric forces tend to distribute matter
more and form less-compact objects. This behavior is in agreement with the reduction of
the fragment size multiplicity as illustrated in Figures 5.2 and 5.4.
At a microscopic scale, Figure 5.3 shows that varying the strength of the Coulomb interaction does not change the inter-particle distance, but certainly decreases a bit the x
content of the fragments as can be seen in Figure 5.4. In agreement with this, the increment
of nucleon mobility produced by Coulomb (cf. Figure 5.6) gets reflected in a reduction of
the persistence (cf. Figure 5.7).
With respect to the modification of the shapes due to the electric interaction, we find
that Coulomb tends to reduce both the curvature and Euler number of the structures. Indeed, Coulomb appears to “compactify” symmetric matter into spaghetti and lasagna type
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structures as shown clearly in Figure 5.8 for symmetric matter (top panel); of course, the
effect becomes blurrier in systems with smaller charge densities, such as the asymmetric
matter case of x = 0.3.
After having seen the results of the present study, it is now easier to gauge the effect of those quantum features not included in our classical model. CM D is at best an
independent-particle approximation to a quantum system in which all higher order correlations are ignored. This excludes all effects ascribed to the closing of shells (magic numbers,
shell polarization and deformations) and to any collective phenomena (pairing rotations and
vibrations and their effect on fission decays, formation of Cooper pairs and their superfluidity
effects). Although some of these effects are expected to be noticeable in the low density low
temperature region of our study, it is easy to see that few of them –if any– have a bearing
on the macroscopic structure of the clusters formed. Likewise, as all of the missing quantum
effects are independent of the existence (or lack) of an embedding electron gas, stands to
reason that they would not have any effect on the results. In other words, have the comparison between pasta shapes with and without Coulomb interactions been performed with a
model that included all quantum effects, the results would have been the same.
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Chapter 7
Concluding remarks
The effect of the electron gas on symmetric and neutron-rich matter was studied at low
densities and temperatures by varying the Coulomb interaction strength. Its effect on the
fragment size multiplicity, the inter-particle distance, the isospin content of the clusters, the
nucleon mobility, and on the modification of the topological shape was studied.
The most general result is the existence of the nuclear pasta structures even without
the presence of the electron gas due –perhaps– to the interplay between the attractive and
repulsive parts of the nuclear forces. In general, the presence of the electron gas tends to
distribute matter more, form less-compact objects, increase nucleon mobility, reduce the
persistence and the fragment size multiplicity, decrease the x content of the clusters, but
does not change the inter-particle distances. All of this gets reflected on a modification
of the shapes of the nuclear structures formed by a reduction of their curvature and Euler
numbers; effect that is more pronounced in symmetric than asymmetric matter.

7.1

Future work

The main deficiency of the present study is the lack of quantum effects, it is recommendable
that this study is repeated using a QMD model which includes the missing effects. For
completeness it would also be interesting to repeat the same calculation using the Ewald
summation. Repeating for larger systems (i.e. more nucleons), and using other potentials
could help make our findings more robust.

32

References
[1] HIRFL, see W. Zhan et al., Int. Jour. Mod. Phys. E 15, 1941 (2006).
[2] RIKEN, see Y. Yano, Nucl. Instr. Meth. B261, 1009 (2007).
[3] GSI-Fair, see https://www.gsi.de/en/research/fair.htm.
[4] Danielewicz P. Surface symmetry energy. Nucl Phys A, 2003, 727: 233–268.
[5] Klimkiewicz A, Paar A, Adrich P, et al. Nuclear symmetry energy and neutron skins
derived from pygmy dipole resonances. Phys Rev C, 2007, 76: 051603.
[6] Brown B A. Neutron radii in nuclei and the neutron equation of state. Phys Rev Lett,
2000, 85: 5296–5299.
[7] Lopez J A, Ramirez-Homs E, Gonzalez R, et al. Isospin-asymmetric nuclear matter.
Phys Rev C, 2014, 89: 024611.
[8] Viola V E, Nucl Phys A, 2004, 734: 4879.
[9] Ravenhall D G, Pethick C J, Wilson J R. Structure of Matter below Nuclear Saturation
Density. Phys Rev Lett, 1983, 50: 2066-2069.
[10] Oyamatsu K. Nuclear shapes in the inner crust of a neutron star. Nucl Phys A, 1993,
561: 431-452. DOI: 10.1016/0375-9474(93)90020-X.
[11] M. Hashimoto, H. Seki and M. Yamada, Prog. Theor. Phys. 71, 320 (1984).
[12] Williams R D, Koonin S E. Sub-saturation phases of nuclear matter. Nucl Phys A, 1985,
435: 844-858.
[13] Lorenz C P, Ravenhall D G, Pethick C J. Neutron star crusts. Phys Rev Lett, 1993, 70:
379-382.
33

[14] Cheng K S, Yao C C, Dai Z G. Properties of nuclei in the inner crusts of neutron stars
in the relativistic mean-field theory. Phys Rev C, 1997, 55: 2092-2100.
[15] Maruyama T, Niita K, Oyamatsu K, et al. Quantum molecular dynamics approach to
the nuclear matter below the saturation density. Phys Rev C, 1998, 57: 655-665.
[16] Kido T, Maruyama T, Niita K, et al. MD simulation study for nuclear matter. Nucl
Phys A, 2000, 663-664: 877-880.
[17] Watanabe G, Iida K, Sato K. Thermodynamic properties of nuclear ’pasta’ in neutron
star crusts. Nucl Phys A, 2000, 676: 445-473.
[18] Horowitz C J, Perez-Garcia M A, Piekarewicz J. Neutrino - pasta scattering: The
Opacity of nonuniform neutron - rich matter. Phys Rev C, 2004, 69: 045804.
[19] Mochizuki Y, Izuyama T. Self-trapping of superfluid vortices and the origin of pulsar
glitches. Astrophys J, 1995, 440: 263-269.
[20] Watanabe G, Maruyama T. In: Bertulani C A, Piekarewicz J, editors. Neutron Star
Crust. Nova Science Publishers, Inc, 2012; ibid
[21] Watanabe G, Sonoda H. In: Dillon K I, editor. Soft Condensed Matter: New Research.
Nova Science Publishers, 2007; p. 1.
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